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1. INTRODUCTION

Let 0 << p < 3 be a given integer and let
—l =Xy < x; < <Xy < Xy = +1 (H

be n -+ 2 distinct points. For a given function f(x) continuous on [—1, 1],
the problem of Hermite-Fejér interpolation is to construct the polynomial
of degree 2n + 3 which interpolates f(x) at these points with vanishing
derivatives there. Recently P. Szasz [7] has introduced the notion of quasi-
H-F interpolation when we interpolate f(x) at all the nodes (1) but ask for
vanishing derivatives at all but the first and last nodes. Following this idea,
we shall call a polynomial 4, .(x) = 4, (f; x) a quasistep parabola of
order 3 if

Apo(x0) = f(x)s k= l,n,
AP—1) = AL =0, v = lp — 1,
AV (x)=0, k=1..,n 1=1723,
A =D =f(=1), A (+D)=f1) if p=#0.

If p = 0, the values and derivatives at —1 and -1 are not being considered.
Szasz studied quasistep parabolas of order 1 and rediscovered a result of
Egervary and Turdn [1] on “stable” and “most economical” interpolation
process.

The object of this note is to obtain quasi H-F type interpolation formulae
of higher order when the nodes are the zeros of ultraspherical polynomials.
Following the usual convention we denote by T,(x), U,(x) and P,(x) the
Tchebycheff of first kind, of the second kind and the Legendre polynomials
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respectively. In the special case of the zeros of 7,,(x), P,(x), U,(x) and P, (x),
we study the positivity and convergence properties of the interpolatory
polynomials with a suitable choice of p.

2. Expricit ForM oF A, ,(f; x)

We shall consider only the case when x; , x, ,..., x,, in (1) are the zeros of
the ultraspherical polynomial P{M(x), A > —1%. Then

n-+l

Ay (S5 %) = Z F(xi) Aulx), 2.1

where {A,(x)}3™ are the fundamental polynomials of the interpolation
problem (2). More precisely, the polynomials A,(x) are of degree 4n +- 2p — 1
and are determined uniquely by the following conditions:

N(xX) = 8,00 jok=0,1,.,n+L 2.1)
A = N(x) = Al(x) = 0, j=1..,n k=01,..,8+1, (2.2)
A=) = A+ =0, I=1..,p—1 (2.3)

If p = 0, (2.3) is void and in (2.1) the points x, and x, ., are not considered.
If p = 1, (2.3) is again void. We formulate

THEOREM 1. The polynomials M (x) in (2.1) for k = 1,..., n are given by

NG = ) (=0 11 A — )+ Al = 30 - Al — )
2.4)
where w(x) = ]—[;L (x — x;),
() = (@CNI((x — x) @' (x), 2.5)
A= 2Ap =l 5
o= 2 (P (P 2 (26)
Bxk3 Cx,
S (s e
with
v=2A-+1, N=n*+2n, Q = 12N — 2v + 3p),
P=(p—vp+2p—n— Y
2.7)

B=14p—v+ D2 —v)2p —3v+4),
C=3iN2p—2v+ 1)+ §2p — v)(6p — Tv + 6).
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Proof. We sketch the proof and omit the calculations. Since w(x) satisfies
the differential equation

(I —x®) 0" —vxo' + Nw =0, (2.8)

it follows easily from (2.5) that

Wln) = L =

. _@"(xp) vy F 2) x,t N—v
Y e B (R R e @)
al7 ) . w(4)(xk) _ V(V + 2)(V TL 4) xk3 . (V + 2)(2N _ 3V) Xk

A N I (s a—xo -

It follows from (2.1)-(2.3) that for £ =1, 2,..., n, the polynomial A,(x)
will have the formal expression (2.4). The values of 4, , 4, , A, are determined
from the conditions

A (%) = Ai(x) = A{(x) = 0.

Remarfk. The explicit form of the polynomials Ay(x), A,.,(x) have the
following forms when p = 1:

M) = (o ()" T Bt — 11

) = (295 (55) 8 e+ oy

The values of B, C, depend on p and will be given later in Section 3 for
=0,1,2,3.

3. SOME SPECIAL CASES OF POSITIVE OPERATORS A, ,

From Theorem 1, we can rewrite the polynomials A;(x). In fact, we have

LA — 3 (b~ ) —x)xe P, (-5
M) = S [ AR e 1)
3.1)

where

B 3
L) = Pxd + 0 = ) + |35 + Cuf(x —x). (3.2)

and P, Q, B and C are given by (2.7).
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In order that Ay(x) =0 for {x| <1, k == l,...,n it is enough that
Li(x) = 0for | x! < 1. Rearranging (3.2) we have

Bx,®
T (X — xp)

L) = Pz G220 (e
+4@2p —v)6p — Ty + 6) xp(x — xp)
. 2N . ,
- —3—{1 — 32 (2p — 2v = 1) xp(x — X))l 3.3)

For | x; | < 1 — ¢, the last term in the above expression is the dominant
part. If we choose p and v such that

1, (3.4)

N

I —x2 4+ 2p—2v + D) xpx — x3) 220, —t < x

for k =1,.,n then Ly(x) >0 for { x =1 and for |x,| <1 —e A
sufficient condition for (3.4) to hold is that

lp—v+1i<4i (3.5)

For the sake of simplicity, we shall consider the case when p — v -- 1 = 0.
In this case from (2.7} it follows that B = 0 and the expression (3.3) becomes
much simpler:

Ly(x) = Y ‘; 3 M g 2) xxp + —2?‘ (I — xx,). (3.6)

Since p is a nonnegative integer <<3, the following four cases arise:
() p=0,v==1,A:=0,wkx)= T,x) =cosnbd, x = cos 8
i) p=1v=2A=1% wx) = P,(x) with P (1) =1

sin(n -+ 1) 0

- X = cos t
sin 6 ’

(lll) p = 2, Vv — 3, /\ == 1, Q)(X) = b’n(x) =

V) p=3v=42=4 @ = P,

It is now easy to find the explicit form of the polynomials Ay(x) and A, ,(x)
in these four cases. As remarked just prior to Theorem 1, in case (i),
Af(x) = A,q(x) = 0. In case (ii), we have

Ag(x) == Ay a(—x) = (1 = x)[2)(P,(x)* (3.7

In case (i11), we have

| X { U (0 2 DC2a - 3

(3.8)
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Lastly, in case (iv), we can verify that

_ A+ PPN 5 Ay
A(x) = O ORI ?,2 + n(n + 3)(1 — x)

L (=3 D - 2+ 6)(1 — x)2§ (3.9)
Ana(x) = Ag(— ).

THEOREM 2. The four operators A, (f;x), p=20,1,2,3 (with
w(x) = T, (x), Pyx), Uu(x) and P} _.(X), respectively) are positive for n large
enough uniformly in [—1, 1].

Proof. Itis clear from (3.7)-(3.9) that Ay(x), A,,4(x) are =0 in all the four
cases considered. It is therefore sufficient from (3.1) and (3.6) to check if the
linear function L,(x) is nonnegative in [—1,1). The case p =0, v =1,
w(x) = T,(x) was considered in [5] where it is shown that L, (x) = O for
all #w = 2. For p > 1 and v > 2, we observe that it is enough to check
Ly(x)fork = 1and x = 1. Then L,(1) becomes

L) = 1/;3 _ V(v6—2) X+

Wb

N — xy), (3.10)
where x, is the zero of w(x) closest to 1. If x; == cos 8,,,, then from ([8])
(p. 192. Theorem 8§.1.2)), we have

llm 0y, = Jy,
now

where j,, is the first zero of the Bessel function J(,_s,(x). Then
lim, ., Li(1) = ((v — 3)/3) — (v(v — 2))/6) + 4ji . From the table of zeros
of J,(x) (Watson [11], p. 748) we have

Ji1 = 77'//2 s =m

Ji. = 24048256  j,, = 3.8317060.

Since the limit is positive, L,(x) >> 0 for n sufficiently large uniformly on
[—1, 1]. This completes the proof of Theorem 2.

4. CoNVERGENCE OF A, (f; x)
We have shown that the operator A, ,(f; x) is nonnegative for large n,
if p=20,1,2, or 3 and the nodes {x;}} are the zeros of T,(x), P.(x), U,(x)
and P, ,;(x), respectively. We shall examine the uniform convergence of

Ay o(f; x)tof(x)asn — oo for | x | < 1. More precisely we have Theorem 3.

640/13/4-7
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THEOREM 3. Let f(x) be a given function continuous on [—1, 1] and let p
be an integer, with p = 0, 1,2 or 3. Let the system of nodes {x,} be the zeros
of Ty(x), Pu(x), Uyn(x) or P} ,(x) according as p = 0, 1, 2 or 3, respectively.
Then

L“}; An.p(f; X) == f(x),

uniformly in [—1, 1].

For the proof of this theorem we shall need the following lemmas,

LEMMA 1. (Szego [8] p. 159 (7.21.1). For n =4 and —1 < x < 1,
we have
(1= x| P(x); << (2fnm) (4.1)

(I —x2B3A [P,/ (x)] < (2n + DYV2 4.2)

Lemma 2. If xq,..., X, are the zeros of P,(x), then we have

1 l 1
LT e T w @3
where C, is a constant independent of n.
Proof. Since
Z Ak(-“‘) = 1 - Pn;(»\‘)a (44)
=1
we have
. a0+ . (.\‘ - xk)2 ju!c(v\') 1 — Pn.J(X)
7{21 lk (\) (1 L ’\,/{'2):{ - ] . .\'2
where M (x) = —} -+ % n(n + D1 — xx,). Letting x — 1, we have
- M) AL
2 G (4 —xdp a—xe Y
Since M (1) = —L 4+ 2n(n + D1 — x3) > C - (n + (1 - &), for some

suitable constant C > 0, we have (4.3).

Remark. Inequality (4.3) is stronger than the following:

” 1
,.,Z:1 (1 — x2P (P ()t !

which follows from (4.4) on equating the coefficients of x*".
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LemMMA 3. If xy,..., X, are the zeros of P, (x), then

i 1 1
:1/;1 (1 = X APl ) 1 — xp

— o). (4.10)

The proof of this lemma uses (3.1) with p = 3 and (3.9) instead of (3.7)
following the same pattern as that of Lemma 2 and is therefore omitted.

Proof of Theorem 3. From the positivity of the operators A, ,(f; x) for
large n, it is enough to use Korovkin’s theorem. Since A,, ,(f; x) == 1, we shall
show that 4, ,((x — t)?; x) converges to zero uniformly in [—1,1]. We
observe that

A (1= 1% 1) = Ay = 13 —1) = 0.
We shall now consider the four cases separately.

Case (1). p =0, w(x) = T,(x). Then
/171,0(/‘; .\') = Z f(xk) AIc(-\‘)s

where

M(x) = L (Mf

mAx — x,
-[(1—~Y\')2+(Y—Y)2sg(112~l)(l—\“()—lxx‘ ’]
AAL v VR 13 AR 2-*k$ ‘

The convergence for this case was proved in [5].

Case (ii). p =1, w(x) = P,(x). In this case v = 2 and from (3.1), (3.6)
and (3.7) we have after some simplification

Apal(x — 1% x) = (I — xH)(Pp(x))*

X

2
X — Xp)?
xk2( L)

Y )
k=1

T—2xx, + 38 |, (x — xp)° ]
~ [ 1 — x,2 T = xRy M’”(x)l
= SnO + Snl + Sn‘.: )
where
- P (x) N 1 2 -
I{x) = '—“—(x —x) P’ My(x) = — 373 n(n 4+ 1)1 — xxz).
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By Lemma 1, we have

Suo = (I — X3 (P (x))} < 7%21 . —1] =x o L (4.5)
Also
g =X = 2xx XD
Spy = gl LiH(x) = x2 5 (v — X)) “‘I—TT—
, 5 4 ;.
< (2 0 g (3 e - A e

From the quasi-H-F interpolation formula of P. Szasz [7] we have

S

1,3@) =1 — P2x), (4.6)

and the H-F interpolation formula (Szegd [8] p. 340) shows that

n

Z 2(x) - _ﬂ)&_“\k (x — x.)t >0, @.7)

i1 - X

uniformly in each subinterval [—1 - €, | — €] as n — oo and is uniformly
bounded in [—1, 1]. (4.6) and (4.1) yield that

S — 0, uniformly in [—1, ], (4.8)
asn — oo.
Using Lemma 1, we have
n 1

Sne < €U =2 P 18 ), o (8, )

|
Z TP By

:C(Z - Z).

[2p| 21—¢ frpf<l—e

From Lemma 2, the first sum above is <XC,, . Also ([8] formula (8.9.2) p. 238),
P, (cos 8,) ~ k-32n2, X, = cos 8,

so that
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Hence choosing € = n~1/4, we have
Spe < Cy -0t (4.9)

The proof of Case (ii) is completed on combining (4.5), (4.8) and (4.9).

Case (ili). p =2, w(x)=U,(x) == (sin(n + 1) 8/sin 8), x = cos §. As in
Case (ii) it is enough to consider A,,((x — ¢)%; x). In this case v — 3, hence
from (3.8), (3.1) and (3.6), we have

Anz((-x - t)z; x) - SnO + Snl + Snz

where
Sao = (x — 12 4(x) + (x = 1)% A, 4(x)
U0 =X 2 1D2rn+3) 3 0 1
T 21 3 - (?) :
o e e UM = A0 — xxp) )2
S = kgl l(\ %) (x — xp)* (n + 12 §
and
Sy = (L%ﬁ)_ig{@]; g— %xxk + %n(n + 2)(1 — xxk); .

Since ZZ:I x5, = 0, it follows that

Siy = (1 — ¥2) U3x) - O (1) ~0 (%) .

n
From a result of P. Szasz [7] (p. 426, formula (13)) we know that

i (I — x*) U1 — xx;)
o D — X))

<1

so that

I s U0 — X1 — xxp) 1
S S 7;2:;1 (= %) (x — xp)P (n + 1) =0 (—) '
This shows that
Auo(x — 02 x) = O /n). (4.10)

Case (iv). p =3, w(x) = cP, 1 (x). Set IT, 4(x) = (1 — x®) P, ,(x) =
—(n + 2)(n + 1) [, Po.y(t) dt. In this case v — 4 and for k = 1,...,n

2 LX) 1 —xxg
31 —x* 1 —x2

A(x) = LA (x) +

(n + D+ 2)(x — x? (4.11)
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where
11, 5(x)
/k(x) - (x - XL) H/ (X/l.) s

n+2

4.12)

and Ay(x), A,,q(x) are given by (3.9). Then

Apa((x — )2 x) == Spy + Spa + Snz»
where

S = (1 — )2 A(x) + (1 4 X)? A,44(x),
Sp1 = 2 (x — xp)? LA(x),
=1

L2 Do E

I — xxy
S -\ T4 . k
n2 3(1 Xz) 'Xk) [Ic (X) l

— 2 °
=1 e

From the fact that P'(x) = O(»?) on [—1, 1]and from Lemma 1 it follows

easily that
Sao = O(1/n?). (4.13)

From a result of Fejér [3], we have
Z 1152()() \ ]
Jr=1
and from a result of Turdn [9], we get
Snl = Z (x - xk)2 []L.Z(X)——)O,
feesl

uniformly in [—1, 1] as » — o0, Again using Lemma 1 we have

o 2 = XP (P § !
2T B0+ 1P+ 2P o (= )Pl
1 " I
= O |—-
5 ) Z (= xDP, LGP
= On + Tno »
where
m=0(5e) ¥ o me=0(5) ¥
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From the differential equation for P, ,,(x), we have
(I — x%) Ppia(o) = —(n = 1)(n + 2) Ppg(xi), k= 1,..,m.

Hence

1
om = 0 3}, (1 — X2 (P (e )

x| <l—e n

Again from Szegd [8] (formula (8.9.2) p. 238), we have

" d D
Pl (x) = (W anﬂm(x)) Ry

o

Then
o = O(1/ned).

Using Lemma 3, we have

1 1
774_) Z ' (1 — X Pra(xp)?

[, 21—e

%20(

. 1 1 1
S0 (F) Z (1 = X Ppa(x))* 1 — xp

< Ce.

Choose € = n1/¢, Then
op = O(n=118), and Tpe = O(n~1/%),

so that S,, — 0 as n — co. This completes the proof of Case (iv).

5. CONCLUSION

It is possible to obtain analogues of Theorem 2 and 3 by assuming con-
ditions only at +1 or at —! as in [6]. In view of the proof of Theorem 2,
it is easy to observe that operators A, ,(x) will be positive also when the x,’s
are the zeros of some ultraspherical polynomials not discussed here. However
the formulae become more complicated. Also Theorem 3 leads to a problem
analogous to that proposed and resolved by Turdn [9] in connection with
Hermite interpolation. More precisely, we could ask whether the convergence
behaviour of the operators A, ,(f; x) will be changed when we do not
prescribe the third derivative at a x, and whether we can find a class of
functions for which the convergence persists. For similar results for the
case A,,, with w(x) = T,(x) we refer to [5]. We shall return to this problem
elsewhere.
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